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Course Overview

Unit 1:
Unit 2:
Unit 3:
Unit 4:

Unit 5:
Unit 6:
Unit 7:
Unit 8:
Unit 9:

Unit 10: Applications of the integral
Unit 11: Sequences

Unit 12: Improper integrals

Unit 13: Series

Unit 14: Power series and Taylor series

Logic, sets, notation, definitions, and proofs

Limits and continuity ,

Derivatives ' / U: \r\ 7 Jh

Transcendental functions : ’ — 7 ' @ ‘ U/vam
Removable Infinli‘re Jump Oscillating

The Mean Value Theorem and its applications
Applications of limits and derivatives
The definition of integral —_—

The Fundamental Theorem of Calculus
Integration methods
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e MATI33Y1 - ‘Calculus and linear algebra for commerce’. (—#% R BB RS 4 1%, min 70% for Stats
Minor)

e MATI35H1 + MATI136H1 - ‘Calculus 1 + Calculus 2’ (the default course for most science students, 3+
TWEME A, FHIER)

e MATI37Y1 - ‘Calculus with proofs’, including an introduction to proofs and abstraction (JEEIEFFEF
BAEFMUER, Ztt 13570 136 %)

e MATI57Y1 - ‘Analysis I’, intended for math specialists. (Z52q%, /15, ZUERH, #0137 tLiLk&E
MR, BFEEF specialist 5F H AL F L5 1Y specialist 7[5 5 T k)

AR TN F WV ERERENE R, BT EEEE EHEE

5140 life-sci O 3% mat137, {BANT[ % matl33
fF stats, computer science, HEFFIE 135+136/137
S FABELR ST math M[E=E, #EFF 137/157

BEIWEF 237 (A FE 137 |

BEEMNHED A :

Sept 22.2021 : DDL for {& 2= R IN1R R
Feb 21.2022 : DDL for drop class

ZAE (5°K)

Term testl . Oct 21.2021
Term test2 . Dec 3.2021
Term test3 : Feb 3.2021
Term test4 . Mar 17.2021
+ Final



RTEAI X

Final Assessment

Problem Sets (best 6 for 2.5% ea

Surveys

Midterm Tests(best 3 for 16% each)

If one Term Test is held online, then 20% of its weight will be shifted evenly to
problem sets.
If the final exam is held online then 30% of its weight will be shifted evenly to
problem sets.

Note : 8 PMENEY best 6/8, 4 %X H best 3/4
AR PS B EREIRTER B HERZ TSI, test 205K online, PS EELEIEMN
EERMATEN ERERE !

1. BINEXTFE—X PS X

2. REERA, BRFITHR
3. NEMER | FEER | REER

BEIEVIM (1h+) +Lectures (3h) +PS (3/7\Bf+) + Tutorial (1h) + Studying (2h)
AR : PSEEAIERM, {B%i{thF computation problem, XEFEFEHC LKL

Tips : #¥%< & practice problem, 2311 E M ; LFHF Piazza, FIZH TA SEE



Set

Definition:
A set is any collection of well-defined and distinct objects.

The order of objects does not matter. eg. {2, 3, 8} and {3, 8, 2} are equivalent

Notation:
2€{2,3,8} 5¢{238} {2,3} € {2,3,8} {1,2,3} ¢ {2,3,8}
set builder:

A = {x € R| x is even} = The set of all real numbers x such that x is even

The naturals’ N = {0,1,2,3,...},

The integers Z = {...,—2,—1,0,1,2, ...},
e The rationals Q = {p/q: p,q € Z,q # 0},

e The reals R (the set of all infinite decimal expansion).

Intervals:

closed interval - [a, b]

open interval - (a, b)

half-open interval - [a, b), (a, b]
unbounded: (—, a), (a, »)

Writing in set notation:




What are each of the following sets?

(a) NNZNQNR (¢) (—1,e)U[0,7] (e) (—e,m|NZ
(b) NUZUQ (d) (-1,e)N [0, 7] () (-L2lne

Q

&
Qucat\©
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Logic

Definition:
P(x) is a proposition if it has a truth value associated to it
Quantifiers:

1) Universal quantifier V

2) Existential quantifier 3

Conditional statements:
P -> Q means

EE : Quantifier FIFIRFREE | HFLBEARERE |

Negation :
Statement Negation
"A or B" "not A and not B"
"A and B" "not A or not B"
"if A, then B" "A and not B"
"For all x, A(x)" "There exist x such that not A(x)"
"There exists x such that A(x)" "For every x, not A(x)"

** MIESHIH negation, {FFESHVEMI, NTRU, PK)EE-P(x)

What is =(Vx € R,y € As.t.x > y?)?




1. Negate each of the following statements without using any negative words (‘no’,
‘not’, ‘none’, etc):

(a) “Ewvery page in this book contains at least one word whose first and last letters
both come alphabetically before M.”

(b) “I have a friend all of whose former boyfriends had at least two siblings with
exactly three different vowels in their name.”

(¢) “If a student in this class likes the musical Cats then they are not my friend.”
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Implication and Truth Table:

P->Q

Q->P

P<>Q

Converse vs Inverse vs Contrapositive



UERABRBE :
a. HIZUFRAGZH definition)
HEE& : Formalize fi#FiES, 155 assumption 1 conclusion, 5HEJ WTS,
Vx ER, HLetx €R
dx e R, § Takex =?

P—- Q, 5 AssumeP, WISE Q
MREATE, BEEHAKMHEXAL?

9. Write a formal proof for the following statement:

Va > 0, 3b € R such that (b+ sinb)a > 7.
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b. Prove by contraposition

R A AN SRAIFIERR, N|{EF contrapositive, % BT conditional statement B4 BA

Example 1.2

Let = be a positive integer. If = # 1, then x # z2.

Prove by contrapositive: Let = € Z. If 22 — 6z + 5 is even, then z is odd.

11



c. Prove by contradiction

—/ negate g, REHRIHEREFENRTT

Example: Prove that if x is a multiple of 6, then x is a multiple of 2

d. Prove by induction

Definition:

We define the set of natural numbers N =

When we try to prove something that holds for all natural numbers, we can use
mathematical induction, which consists of base case and inductive step.

Simple induction:

Strong induction:
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Example: Prove by induction that for every positive integer n, the number 52" + 11 is a multiple of 12.

Summary :
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Problem set

aJEEE 137 RERVNRAERY, MEELEFIEMN (individual or group 1-2 A)

—fk2-4 B, FELFZAZNG

2021 Winter PS10

4.

(a)

()

Let I be an open interval. Let f be a function defined on I. Let a € I. Assume f is C? on
I. Assume f’(a) = 0. As you know, a is a candidate for a local extremum for f. The “2nd
Derivative Test” says that, under these circumstances:

e IF f”(a) > 0, THEN f has a local minimum at a.
e IF f"’(a) < 0, THEN f has a local maximum at a.

This theorem is easier to justify, and to generalize, using Taylor polynomials.

Let P5 be the 2nd Taylor polynomial for f at a. Write an explicit formula for Ps.
Using the idea that f(z) &~ P»(x) when z is close to a, write an intuitive explanation
for the 2nd Derivative Test.

Note: We are not asking for a proof yet. Rather, we are asking for a short, simple,
handwavy argument that would convince an average student that this result “makes
sense” and “seems true”.

Now write an actual, rigorous proof for the 2nd Derivative Test. You will need to use
the first definition of Taylor polynomial (the one in terms of the limit), the definition
of limit, and the definition of local extremum.

Note: There are many other ways to prove the 2nd Derivative Test, but we want you
to do it specifically this way. It will help with the next questions.
What happens if f”(a) = 0? In that case, we look at f® (a); if it is also 0, then we look
at f®(a), and we keep looking till we find one derivative that is not 0 at a.
More specifically, assume that f is C™ at a for some natural number n > 2 and that
f™(a) is the smallest derivative that is not 0 at a. In other words, f®(a) = 0 for
1 <k<nbut f(a) #£0.
Using the same ideas as in Question 4a, complete the following statements, and give an
intuitive explanation for them:

e IF ..., THEN f has a local minimum at a.

e [F ..., THEN f has a local maximum at a.

e IF ... THEN f does not have a local extremum at a.
When you complete this, you will have come up with a new theorem. Let’s call it the

“Beyond-the-2nd-derivative Test”. Make sure your theorem takes care of all possible
cases.
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Tests

Solutions, marking, and regrades

e Part A is a Quercus quiz.

O

O

Once it is over, you can see the answers you submitted and the answer key on Quercus.

The quiz is marked automatically. There are no regrades. If you do not understand one of the
questions, use Piazza or office hours.

For multiple-choice questions, every correct answer you select adds points, but every incorrect answer
you select subtracts points (although the minimum score is 0 on each question). It is possible to select
some correct answers and still get 0 on a question.

o Part B (long answer) is on Quercus.

O

o

After the test, we will post sample solutions and lists of common errors below.

If you want to request a regrade, follow same instructions as for assignments.

e Coverage: Test X will include Units xx-xx. To prepare:

O

O

O

Re-watch the videos
Solve all the practice problems

Review class questions and homework assignments

e Structure: Test X will have two parts:

O

Part A (90 minutes): a quiz on Quercus. Some questions will be multiple choice; other questions will
require a numerical answer.

Part B (120 minutes): long-answer questions (mostly proofs) on Crowdmark.

If this were a regular in-person test, we would give you only 60 minutes for each part. That is how
long we think it should actually take you. We are giving you additional time to accommodate for any
possible technical problems you may have, and to give you time to scan and upload to Crowdmark. If
you choose to leave uploading for the last minute and don't complete it on time, that was your choice.
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#HEE PS, RifntbikfEEs
o Part A ZAWESR (ETHERF, EZiTEREH, WHBEIER)
o PartB, 2-3FUFRRA (% EE definition A B 4E)

2. [6 points total; 2 points per part]
Calculate the following limits (or explain that they do not exist):

(a) lim sin(3z) Your answer: (sin9)/3
rz—3 T
Solution: o
_ sin(3z) Hmsin(3z) g9
lim = - =
=3 lim z 3
z—3
2 +2
(b) Jm o Your answer: 1/3
Solution:
. 2
Lo 2re L 1eye A OEE) q40 g
so00 322 +4  ao-0e3+4/z2  Lm (3+4/z2) 3+0 3
r—3—00
= 2 3
(c) lim w Your answer: 9
z—0 T
Solution:
02093 . 3\ 2 3)2 . 3\ 2
lim S0 BT _ py (SG2)V B2 g (SHBT)Y g0 2 g2 g
z—0 76 z—0 33 76 z—0 33
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Proof F1& definition BYBE /7 :

8. [5 points] Write a proof for the following theorem:

Theorem Let a € R. Let f be a function defined on all of R, except maybe a.
Assume that f(z) is never 0.

e IF lim f(z) =0

r—a

1
THEN lim —— =0
» THEN I 76

Write a formal proof directly from the definitions of limit. Do not use the limit laws.
Solution. WTS: Ve > 0 36 > 0 s.t. Ve satisfying 0 < |z —a| <d = [1/f(z) —0| <e.
e Let us fix € > 0.

e Use M = é in the definition of lim f(z) = co. There must exist § > 0 such that
r—a

VzeR, O0<|z—a|<d = f(z)>

my | =

e This is the value of é I need.
e Let’s verify it works. Take z € R and assume 0 < |z — a| < 4.
1
Then f(z) > z> 0,
therefore 0 < —— < ¢,
f(z)

< g, which is what we needed.

(z)

and
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4. [5 points] Two poles, 60 meters high, stand next to each other, 10 meters apart. At the top of
one pole is a light. At the top of the other pole there is an engineering student who drops down
a watermelon. The light on the first pole illuminates the watermelon and casts a shadow on
the floor. How fast is the shadow of the watermelon moving when the watermelon is halfway
to the ground and falling at a speed of 15m/s?

Solution.
1) Modelling:

60m < N

The two red lines in the figure are the poles: AB and CO. The light is at A. The watermelon
is falling from C to O and at a given time it is at Y. The light from A to the watermelon (Y)
produces a shadow at the point X on the floor. In the picture, the distances z and y depend
on time. The other distances do not change over time. The position of the shadow is given by
T.

The two right triangles ABX and YOX are similar, and so we have

60 Y
=2 1
0+z = (1)
. . dy - . .
Moreover, at the given time we have y = 60/2 = 30m, u —15m/s (where the minus sign
dz
is due to the fact that y is decreasing in time). At this given time, we want to compute T
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ZEBRN:

4. [4 points] I have a spherical orange with radius R. I cut a piece from the top that has height

H, like in the picture:

‘‘‘‘‘‘

Calculate the volume of the piece. Justify your answer.

1
Your answer: §7rH2(3R — H)

Note: When H = 2R, this gives g’iTRS which 1s the volume of a sphere.

2
When H = R this gives §7rR3, which is the volume of a hemisphere.

Solution:
We can think of this piece as a solid of revolution:

e Consider the circle centered at the origin with radius R. The equation is 22 +y* = R2

e Consider the region in red in the picture below. It is the region between the y-axis and

the right-side of the circle (z = v/ R? — ¢?), fromy = R — h to y = R).
e We want to compute the volume of the solid obtained by rotating the red region around

the y-axis.

COPYRIGHT © Talent Education 19



